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1Vaasa University of Applied Sciences, Wolffintie 30, 65200 Vaasa, Finland
We consider a possibility that the cosmological constant may not be a constant, but a free ther-
modynamical variable. To this end we construct a microscopic model of a spacelike two-sphere just
inside of the cosmological horizon of the de Sitter spacetime. In our model the spacelike two-sphere
in question is assumed to consist of discrete constituents, each of them contributing to the two-
sphere an area, which is an integer times a constant. Using our model we obtain a thermodynamical
equation of state for the cosmological constant. Our equation of state implies that the cosmological
constant has a certain positive lower bound, which depends on the number of the constituents of
the two-sphere.
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I. INTRODUCTION
The cosmological constant has a long history. It was first introduced by Albert Einstein in 1917, when he attempted
to create a static model, based on his recently discovered general theory of relativity, of the universe. [1] By means of
the cosmological constant Λ one may write Einstein’s field equation as:
Rµν − 1
2
gµνR+ Λgµν =
8πG
c4
Tµν . (1.1)
Unfortunately, Einstein’s expectations for the static universe did not materialize, and finally the discovery of the
expansion of the universe made Einstein to abandon the cosmological constant altogether. For decades it seemed that
the cosmological constant must be so small that it has no observational consequences, and the general opinion was that
the cosmological constant should be neglected. Nevertheless, there is nothing in the general principles used to justify
Einstein’s field equation, which would prevent one from adding the cosmological constant to the field equation, and
so the problem was why the cosmological constant should be vanish. Actually, ingenious arguments were expressed
to the effect that the cosmological constant must be exactly zero. [2]
Everything changed at the end of the 1990’s, when it was discovered, quite unexpectedly, that the universe is not
only expanding, but its expansion is accelerating. [3] This remarkable observation, which brought to Saul Perlmutter,
Brian P. Schmidt and Adam Riess the Nobel Prize in Physics of the year 2011, seemed to suggest that the cosmological
constant may not be zero after all, but it may have a certain positive value. Indeed, if one equips Einstein’s field
equation with a positive cosmological constant, one finds that the expansion of a universe with a constant spatial
curvature must be accelerating. Ultimately, the effects of the cosmological constant will overshadow the effects of the
matter fields, and spacetime is described, in effect, by the de Sitter spacetime, which is an empty spacetime with a
positive cosmological constant and constant spatial curvature.
Unfortunately, an inclusion of a positive cosmological constant in Einstein’s field equation brings along several
problems. One of them is that positive cosmological constant has similar effects as does a matter field with a
certain energy density. [4] So it appears as if the universe contained an enormous amount of energy, which causes
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2an accelerating expansion of the universe. [5] This energy is known as dark energy, and it is generally estimated to
consist at least 70 per cents of the total energy of the universe.
In this paper we shall argue that dark energy is not necessarily needed to explain the accelerating expansion of
the universe. Instead, the accelerating expansion of the universe might probably be regarded as a quantum effect of
gravitation, and it arises from the fundamentally discrete structure of space and time. [6] In short, the idea of this
paper is that the cosmological ”constant” Λ is not really a constant, but a free thermodynamical variable, and if one
assumes that spacetime consists of certain fundamental constituents with certain quantum states, the principles of
thermodynamics and statistical physics imply that the cosmological constant is positive and bounded from below. To
support this central thesis of ours we consider a spacelike two-sphere just inside of the cosmological horizon of the de
Sitter spacetime. For the sake of brevity and simplicity we shall call the two-sphere in question as a shrinked horizon.
We construct the shrinked horizon out of a fixed number of discrete constituents, each of them contributing to the
shrinked horizon an area, which is an integer times a constant. In this sense our model of the shrinked horizon of the
de Sitter spacetime is similar to the models of the stretched horizons of the Schwarzschild and the Reissner-Nordstro¨m
black holes in Refs. [7] and [8]. Using our model we obtain an explicit, analytic expression for the partition function
of the de Sitter spacetime. Our partition function implies, among other things, a thermodynamical equation of state
for the cosmological constant. The equation of state, in turn, implies that for a fixed number of constituents of the
shrinked horizon the cosmological constant must be positive and bounded from below.
Unless otherwise stated, we shall always use the natural units, where h¯ = c = G = kB = 1.
II. SHRINKED HORIZON
In the static coordinates the line element of the de Sitter spacetime may be written as: [9]
ds2 = −
(
1− Λ
3
r2
)
dt2 +
dr2
1− Λ3 r2
+ r2 dθ2 + r2 sin2 θ dφ2, (2.1)
where Λ > 0 is the cosmological constant, and θ and φ are the spherical coordinates. The de Sitter spacetime has the
cosmological horizon, where
r = rC :=
√
3
Λ
. (2.2)
Consider now the proper acceleration of an observer with constant coordinates r, θ and φ in the de Sitter spacetime
such that r < rC . The only non-vanishing component of the future pointing unit tangent vector field u
µ of the
congruence of the world lines of observers with constant r, θ and φ is
ut =
(
1− Λ
3
r2
)
−1/2
, (2.3)
and therefore the only non-vanishing component of the proper acceleration vector field
aµ := uαuµ;α (2.4)
of this congruence is
ar = utur;t = −
Λ
3
r. (2.5)
The vector field aµ is spacelike and it has the norm
a :=
√
aµaµ =
(
1− Λ
3
r2
)
−1/2
Λ
3
r. (2.6)
3This is the acceleration measured by our observer at rest with respect to the static coordinates for a particle in a radial
free fall. The minus sign on the right hand side of Eq. (2.5) indicates that particles in a radial free fall accelerate
radially outwards in the de Sitter spacetime.
Our idea is to consider the cosmological constant Λ as a free variable of our model. In what follows, we shall
investigate the spacelike two-spheres with constant r and t just inside of the cosmological horizon, where r = rC . For
the sake of simplicity we shall call the two-sphere in question as a shrinked horizon of the de Sitter spacetime. We
shall keep the proper acceleration a given by Eq. (2.6) as a constant on the shrinked horizon. In other words, if the
cosmological constant Λ is changed, so is the radius r of the shrinked horizon as well, but in such a way that the
proper accelration a remains unchanged. This means that if the cosmological constant Λ takes on an infinitesimal
change dΛ, the radius r of the shrinked horizon takes on an infinitesimal change dr such that
da =
∂a
∂r
dr +
∂a
∂Λ
dΛ = 0, (2.7)
and Eqs. (2.2) and (2.6) imply:
dr
drC
=
dr
dΛ
dΛ
drC
=
2r
rC
(
1− 1
2
r2
r2C
)
. (2.8)
So we find that
lim
r→r−
C
(
dr
drC
)
= 1, (2.9)
which means that the shrinked horizon a = constant originally close to the cosmological horizon, where r = rC will
stay close to the cosmological horizon, when the cosmological constant Λ is varied. In this sense our shrinked horizon
is well chosen.
In this paper we shall consider the thermodynamics of the de Sitter spacetime from the point of view of an observer
at rest on the shrinked horizon a = constant. The main reason for this decision of ours is that observers with
the same proper acceleration may be considered, in some sense, equivalent, and hence the possible changes in the
thermodynamical quantities measured by the observer reflect the changes in the true thermodynamical properties
of the de Sitter spacetime, rather than the changes in the state of motion of the observer. We shall see later that
our decision brings along a considerable simplification in the calculations, and from the results obtained in the frame
of reference, where a = constant one may easily predict the thermodynamical observations, which will be made by
observers far from the cosmological horizon.
III. ENERGY
The concept of energy plays a central role in the thermodynamical considerations of all systems. Our next aim is
to find an expression for the energy of the de Sitter spacetime from the point of view of an observer at rest on its
shrinked horizon a = constant.
We shall take the energy of the de Sitter spacetime from the point of view of our observer to be
E =
a
8π
A, (3.1)
where A is the area of the shrinked horizon. Our expression is similar to the one obtained in Ref. [7] for the energy of
the Schwarzschild black hole from the point of view of an observer on its stretched horizon a = constant. In Ref. [8]
the same expression was found for the energy of the Reissner-Nordstro¨m black hole, and in Ref. [10] for the energy
of the Kerr-Newman black hole.
4Eq. (3.1) may be justified by means of the Brown-York energy [11]
EBY := − 1
8π
∮
S
(k − k0) dA. (3.2)
In Eq. (3.2) we have integrated over a closed, spacelike two-surface S embedded in a spacelike hypersurface, where the
time t is a constant. k is the trace of the exterior curvature tensor on the two-surface, and k0 the trace of the exterior
curvature tensor on the two-surface, when the two-surface has been embedded in flat spacetime. dA is the area
element on the two-surface. In stationary spacetimes the Brown-York energy may be understood as the gravitational
energy enclosed inside of the two-surface. For a two-sphere r = constant in the de Sitter spacetime the only non-zero
components of the exterior curvature tensor are, when r < rC :
kθθ = −
(
1− Λ
3
r2
)
−1/2
Γrθθ =
(
1− Λ
3
r2
)1/2
r, (3.3a)
kφφ = −
(
1− Λ
3
r2
)
−1/2
Γrφφ =
(
1− Λ
3
r2
)1/2
r sin2 θ, (3.3b)
and therefore the trace of the exterior curvature tensor is:
k = k θθ + k
φ
φ =
2
r
√
1− Λ
3
r2. (3.4)
When the two-sphere is embedded in flat spacetime, the trace of the exterior curvature tensor is
k0 =
2
r
, (3.5)
and because the area of the two-sphere is
A = 4πr2, (3.6)
the Brown-York energy takes the form:
EBY = r
(
1−
√
1− Λ
3
r2
)
. (3.7)
Consider now how the Brown-York energy will change in the infinitesimal changes of the cosmological constant Λ.
Differentiating the right hand side of Eq. (3.7) with respect to Λ one finds that if the cosmological constant takes on
an infinitesimal change dΛ, the Brown-York energy undergoes a change
dEBY =
1
6
(
1− Λ
3
r2
)
−1/2
r3 dΛ, (3.8)
and we may write the Brown-York energy in an integral form:
EBY =
∫ Λ
0
1
6
(
1− Λ˜
3
)
−1/2
r3 dΛ˜. (3.9)
When the cosmological constant Λ is considered as a free variable, we may therefore understand the Brown-York
energy as the energy downloaded inside of the two-sphere r = constant, when the cosmological constant is increased
from zero to its given value. Acoording to Eq. (2.9) the change dΛ in the cosmological constant implies the change
drC in the radius rC of the cosmological horizon such that
dΛ =
dΛ
drC
drC = −2 Λ
rC
drC (3.10)
5and hence Eq. (3.8) may also be written, according to Eq. (2.6), as:
dEBY = −a r
2
rC
drC , (3.11)
where a is the proper acceleration on the two-sphere. Hence the change in the Brown-York energy may be written in
terms of the change dr in the radius of the shrinked horizon a = constant as :
dEBY = − a
8π
r
rC
drC
dr
dA, (3.12)
where dA = 8πr dr is the change in the area of the shrinked horizon. In the limit, where r → rC , we may write Eq.
(3.12) as:
dEBY = − a
8π
dA. (3.13)
The minus sign on the right hand side of Eq. (3.13) indicates that increase in the area A of the shrinked horizon
decreases the amount of energy inside of the shrinked horizon. This means that if we increase the shrinked horizon,
energy flows outwards through the shrinked horizon. The amount of energy flown during the process, where the
shrinked horizon area has been increased by dA is
dE =
a
8π
dA, (3.14)
and hence it follows that the amount of energy flown through the horizon, when its area is increased from zero to A is
E =
a
8π
A. (3.15)
An identification of this expression as the energy of the de Sitter spacetime from the point of view of an observer on
its shrinked horizon a = constant implies Eq. (3.1).
IV. THE PARTITION FUNCTION
In our model we construct the shrinked horizon a = constant of the de Sitter spacetime out of discrete constituents,
each of them contributing to the shrinked horizon an area, which is an integer times a constant. As a consequence,
the area of the shrinked horizon takes the form:
A = αℓ2Pl(n1 + n2 + n3 + ...+ nN ), (4.1)
where n1, n2, ..., nN are non-negative integers, α is a pure number to be determined later, and
ℓPl :=
√
h¯G
c3
≈ 1.6× 10−35m (4.2)
is the Planck length. In Eq. (4.1) N , which is assumed to be very large, is the number of the constituents of the
shrinked horizon. N is assumed to be fixed. The non-negative integers nj (j = 1, 2, ..., N) are quantum numbers
determining the quantum states of the constituents. Constituent j is in vacuum, if nj = 0; otherwise it is in an excited
state. Hence our model is similar to the one constructed in Ref. [7] for the stretched horizon of the Schwarzschild
black hole, and in Ref. [8] for the stretched horizon of the Reissner-Nordstro¨m black hole.
We shall assume that the quantum states of the de Sitter spacetime are somehow encoded into the quantum states
of its shrinked horizon. The partition function of the de Sitter spacetime takes the form:
Z(β) =
∑
n
g(En)e
−βEn , (4.3)
6where the index n labels the possible energies En of our system, and β is the inverse of its temperature. g(En) is the
number of the degenerate states associated with the energy En. Using Eqs. (3.1) and (4.1) we find that the possible
energies of the de Sitter spacetime from the point of view of an observer on its shrinked horizon are of the form:
En = nα
a
8π
, (4.4)
where
n := n1 + n2 + ...+ nN . (4.5)
As in Ref. [7] we take the number g(En) of the degenerate states associated with the same energy En to be the
number of the different combinations of the non-vacuum quantum states of the constituents of the shrinked horizon
yielding the same energy En. As a consequence, g(En) equals with the number of ways of expressing a given positive
integer n as a sum of at most N positive integers. More precisely, g(En) is the number of the ordered strings
S := (n1, n2, ..., nm), (4.6)
where 1 ≤ m ≤ N , and nj ∈ {1, 2, 3, ...} such that
n1 + n2 + ...+ nm = n. (4.7)
It was found in Ref. [7] that the number of such strings is
g(En) =
N∑
m=1
(
n− 1
m− 1
)
, (4.8)
whenever N < n. In the special case, where n = N , we have
g(En) =
n∑
m=1
(
n− 1
m− 1
)
= 2n−1. (4.9)
When n ≤ N , Eq. (4.9) always holds, no matter what is N .
We are now prepared to write the partition function for the de Sitter spacetime from the point of view of an observer
on its shrinked horizon a = constant. As in Ref. [7], the partition function turns out to be of the form:
Z(β) = Z1(β) + Z2(β), (4.10)
where
Z1(β) : =
1
2
N∑
n=1
2(1−βTC)n, (4.11a)
Z2(β) : =
∞∑
n=N+1
[
N∑
k=0
(
n− 1
k
)
2−nβTC
]
, (4.11b)
and we have defined the characteristic temperature
TC :=
αa
8π ln 2
. (4.12)
The partition function Z(β) of Eq. (4.10) may be calculated explicitly, and it takes the form: [7]
Z(β) =
1
2βTC − 2
[
1−
(
1
2βTC − 1
)N+1]
, (4.13)
when βTC 6= 1, and
Z(β) = N + 1, (4.14)
when βTC = 1.
7V. ENERGY AND ENTROPY
The expression obtained in Eqs. (4.13) and (4.14) for the partition function of the de Sitter spacetime is identical
to the partition function obtained in Ref. [7] for the Schwarzschild black hole. As a consequence, the expressions for
the energy
E(β) = − ∂
∂β
lnZ(β) (5.1)
and the entropy
S(β) = βE(β) + lnZ(β) (5.2)
of the system from the point of view of an observer on the shrinked horizon a = constant are identical to those of the
Schwarzschild black hole. The energy per a constituent
E¯(β) :=
E(β)
N
(5.3)
takes, in the leading approximation for large N , the form:
E¯(β) = E¯1(β) + E¯2(β), (5.4)
where
E¯1(β) : =
1
N
2βTC
2βTC − 2TC ln 2, (5.5a)
E¯(β) : = − 2
βTC
(2βTC − 1)N+2 − 2βTC + 1TC ln 2. (5.5b)
Eqs. (5.4) and (5.5) imply that
lim
N→∞
E¯(β) = 0, (5.6)
whenever T < TC , which means that the constituents of the shrinked horizon are efffectively in vacuum, when the
temperature T measured by our observer is less than the characteristic temperature TC . However, if T > TC , the
average energy E¯(β) per a constituent is non-zero, and Eqs. (5.3) and (5.5b) imply that in the leading approximation
for large N we have:
E(β) =
2βTC
2βTC − 1NTC ln 2. (5.7)
An interesting aspect of this result is that it relates the value of the cosmological constant Λ to the absolute temperature
T = 1/β measured by our observer. Since the shrinked horizon lies very close to the cosmological horizon of the de
Sitter spacetime, we may effectively regard the areas of these two horizons as equals, and Eqs. (2.2), (3.1), (3.6),
(4.12) and (5.7) imply:
Λ =
12π
Nα
2βTC − 1
2βTC
. (5.8)
So we observe that the cosmological constant Λ is, in our model, a temperature-dependent quantity, which depends
both on the absolute temperature T , and on the number N of the constituents of the shrinked horizon. Eq. (5.8) is the
thermodynamical equation of state for the cosmological constant Λ. We shall consider the cosmological implications
of Eq. (5.8) in Section 7.
8It is interesting that the characteristic temperature TC , which was defined in Eq. (4.12), is proportional to the
proper acceleration a of our observer. If we choose the unspecified numerical constant α such that
α = 4 ln 2, (5.9)
we find:
T = TU , (5.10)
where
TU :=
a
2π
(5.11)
is the Unruh temperature measured by our observer. [12] We shall see in the next section that the Unruh temperature
TU really is the lowest possible temperature measured by our observer. With the choice (5.9) for the numerical
constant α one may show, as in Ref. [7], that the entropy of the de Sitter spacetime is zero, whenever T < TC .
However, if T > TC , one finds that between the area A of the shrinked horizon and the entropy S there is the
relationship:
S(A) =
1
4 ln 2
A ln
(
2A
2A−Acrit
)
+N ln
(
2A−Acrit
Acrit
)
, (5.12)
where the critical area
Acrit := 8N ln 2 (5.13)
is the area of the shrinked horizon in the limit, where T → T+C . In this limit A→ A+crit, and Eq. (5.12) implies:
S(A) =
1
4
A. (5.14)
In other words, the entropy of the deSitter spacetime is one-quarter of the area of its cosmological horizon in the
limit, where T → T+C . The result is similar to the one obtained for black holes. [7, 8] Originally, the entropy of the
de Sitter spacetime was shown to equal with the one-quarter of the area of its cosmological horizon by Gibbons and
Hawking in Ref. [13].
VI. PHASE TRANSITION
As a we found in Section 5, the constituents of the shrinked horizon are effecticvely in vacuum, and there is no
cosmological horizon, when T < TC . However, when T > TC , Eq. (5.7) implies that the average energy per constituent
is given in the large N limit, to a very good approximation, by the formula:
E¯(β) =
2βTC
2βTC − 1TC ln 2. (6.1)
As one may observe, we have
lim
T→T+
C
E¯(β) = 2TC ln 2, (6.2)
and so we may conclude that the shrinked horizon undergoes a phase transition at the characteristic temperature TC .
The latent heat per constituent associated with this phase transition is
L¯ = 2TC ln 2. (6.3)
9Using Eqs. (4.4), (4.5) and (4.12) we find that the average
n¯(β) :=
n1 + n2 + ...+ nN
N
(6.4)
of the quantum numbers n1, n2, ..., nN is related to E¯(β) such that
n¯(β) =
E¯(β)
TC ln 2
, (6.5)
and Eq. (6.3) implies that
n¯ = 2 (6.6)
after the phase transition has been completed. So we find that during the phase transition the constituents of the
shrinked horizon jump, in average, from the vacuum to the second excited states. Since the constituents of the
shrinked horizon are effectively in vacuum, when T < TC , the characteristic temperature TC , which was found to
agree with the Unruh temperature TU , is the lowest possible temperature, which the de Sitter spacetime may have
from the point of view of an observer on the shrinked horizon. If the temperature of the environment of the shrinked
horizon drops below TC , the constituents of the shrinked horizon begin to perform transitions from the second excited
states to the lower states, and the shrinked horizon begins to radiate with the Unruh temperature TU .
One of the major advantages of our choice to consider the thermodynamics of the de Sitter spacetime from the
point of view of an observer on the shrinked horizon, where the proper acceleration a = constant is that the de
Sitter spacetime has, from the point of view of our observer, a well defined, fixed phase transition temperature, which
depends on the proper acceleration of the observer only. Such temperature would not exist, if the observer had been
chosen otherwise. Moreover, we have seen that the calculations are relatively simple: The expression for the energy
E of the de Sitter spacetime in Eq. (3.1) was very simple, and the subsequent calculations leading to the explicit
expression in Eq. (4.13) for the partition function Z(β) of the de Sitter spacetime were easy to perform.
Eqs. (2.6) and (5.11) imply that we may write the characteristic temperature TC as:
TC = B
ΛrC
6π
, (6.7)
where
B :=
(
1− Λ
3
r2
)
−1/2
(6.8)
is the blue shift factor. The Tolman relation [14] implies that far from the cosmological horizon, i. e. when rrC ≪ 1,
the temperature of the radiation emitted by the horizon is, when the backscattering effects are neglected:
TΛ =
Λrc
6π
=
√
3Λ
6π
, (6.9)
where we have used Eq. (2.2). In the SI units Eq. (6.9) takes the form:
TΛ =
√
3Λ
6π
h¯
kB
. (6.10)
With the currently accepted estimate
Λ ∼ 10−35s−2 (6.11)
for the cosmological constant one finds:
TΛ ∼ 10−30K, (6.12)
which is very low, indeed.
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VII. EQUATION OF STATE
Consider now in details the thermodynamical equation of state found in Eq. (5.8) for the cosmological constant.
In the SI units, using Eq. (5.9), we may write Eq. (5.8) as:
Λ =
3πc2
Nℓ2Pl ln 2
2βkBTC − 1
2βkBTC
, (7.1)
where ℓPl is the Planck length, which was defined in Eq. (4.2). Eq. (6.13) implies:
lim
T→T+
C
Λ =
3πc2
2Nℓ2Pl ln 2
, (7.2)
and therefore we are able to write the cosmological constant as a function of the number N of the constituents of the
shrinked horizon only in the special case, where the temperateration ure measured by our observer on the shrinked
horizon agrees with his Unruh temperature. Since N is assumed to be very large, the cosmological constant Λ is very
small. Even though N is very large, however, N is finite, and therefore the cosmological constant must be non-zero.
Hence we may say that in our model non-zero cosmological constant appears as a natural consequence of the discrete
structure of spacetime.
It is somewhat uncertain what we should regard as the temperature of the cosmological horizon from the point
of view of an observer on the shrinked horizon. The majority of physicists would probably hold the view that the
temperature in question is simply the Unruh temperature measured by the observer. In that case the constituents of
the horizon lie, in average, on the second excited states, and Eqs. (4.1) and (5.9) imply that the average area of an
individual constituent is
A¯ = 8ℓ2Pl ln 2 ≈ 1.4× 10−69m2. (7.3)
Using Eq. (7.2) we may write the constituent number N as a function of the cosmological constant Λ:
N =
3πc2
2Λℓ2Pl ln 2
, (7.4)
and putting Λ ∼ 10−35s−2 we find:
N ∼ 10122. (7.5)
This is a huge number, but nevertheless it is finite. The reason why the observed value of the cosmological constant
is around 10−35s−2 is, in our model, that the number of the constituents of the cosmological horizon is around 10122.
VIII. CONSISTENCY OF THE MODEL
As we found in Section 6, the cosmological horizon emits radiation with the characteristic temperature TΛ given
in Eq. (6.10). As a consequence, the cosmological constant will increase in time. However, at the beginning of our
analysis in Section 2 we assumed that the cosmological constant is strictly constant. We must therefore check, whether
the increase of the cosmological constant in time as a consequence of the radiation of the cosmological horizon is slow
enough such that we may regard the cosmological ”constant”, in effect, as a true constant.
According to the first law of thermodynamics the amount of energy emitted by the cosmological horizon is, from
the point of view of an observer far from the horizon:
dEΛ = −TΛ dS, (8.1)
11
where dS is the change in the entropy S of the horizon. Using Es: (5.14) and (6.10) we find that, in the SI units:
dEΛ = −
√
3Λ
24π
c3
G
dA, (8.2)
where dA is the change in the area of the cosmological horizon. Writing dA = 8πrC drC , and using Eq. (2.2) we find
that the energy emitted in a unit time is:
dEΛ
dt
=
c5
2G
√
3
Λ3
dΛ
dt
. (8.3)
On the other hand, the energy emitted by the cosmological horizon in a unit time is given by the Stefan-Boltzmann
law:
dEΛ
dt
= σAT 4Λ, (8.4)
where σ is the Stefan-Boltzmann constant. Comparing Eqs. (8.3) and (8.4) we get:
1
Λ
dΛ
dt
=
Gh¯4
18π3k4Bc
3
σ
√
3Λ3. (8.5)
Again, putting Λ ∼ 10−35s−2 we find:
1
Λ
dΛ
dt
∼ 10−143s−1, (8.6)
which means that the time needed for the doubling of the cosmological constant would be around 10143 seconds.
This is a huge amount of time (the present age of the universe is about 1017 seconds), and hence we may regard the
cosmological constant, from the practical point of view, as a true constant of nature. This means that our analysis is
self-consistent.
In the considerations performed so far we have identified the temperature measured by an observer on the shrinked
horizon with his Unruh temperature. It is interesting to consider what would happen, if we assumed the shrinked
horizon to be in thermal equilibrium with the cosmic microwave background. In that case the temperature measured by
our observer for the shrinked horizon would equal with his measurement for the temperature of the cosmic microwave
background. Since the current temperature TR ≈ 3K measured by an observer far from the cosmological horizon for
the cosmic microwave background is very much higher than the temperature TΛ in Eq. (6.12), the temperature T
measured by the observer on the shrinked horizon for the cosmic microwave background must be much higher than
TC . Since
2x ≈ 1 + x ln 2, (8.7)
when x≪ 1, we may write Eq. (7.1) as:
Λ =
3πc2
Nℓ2Pl
TC
T
, (8.8)
when T ≫ TC . The Tolman relation implies that
TC = BTΛ, (8.9a)
T = BTR, (8.9b)
where B is the blue shift factor, defined in Eq. (6.8), for the observer on the shrinked horizon. Hence we find:
Λ =
3πc2
Nℓ2Pl
TΛ
TR
, (8.10)
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and Eq. (6.10) implies for the cosmological constant an equation:
Λ =
√
3Λc5
2NGkBTR
, (8.11)
which has the solution:
Λ =
3c10
4G2
1
(NkBTR)2
. (8.12)
From this equation we may solve N in terms of the cosmological constant Λ:
N =
c5
2GkBTR
√
3
Λ
. (8.13)
Putting Λ ∼ 10−35s−2 and TR = 3K we find
N ∼ 1092. (8.14)
This number is 30 orders of magnitude less than the estimate obtained in Eq. (7.5). As a consequence, the average
diameter of an individual constituent of the cosmological horizon is about 1015 times the Planck length, or 10−20m,
which is still much less than the effective size of any known elementary particle. Substituting Eq. (8.14) in Eq. (8.12)
we may express Eq. (8.12) numerically as:
Λ ∼ 10−35 1
T 2R
K2s−2. (8.15)
It is very interesting that according to Eq. (8.15) the cosmological constant is inversely proportional to the square
of the absolute temperature TR of the cosmic microwave background. So we find that when the universe cools down
beacuse of its expansion and TR decreases, the cosmological constant increases, and it seems that the cosmological
constant was less in the past than it is now. Unfortunately, such a conclusion would lead to inconsistencies in our
model, which may be seen, if we consider the energy density of the cosmic microwave background. Since the energy
density of thermal radiation is proportional to the fourth power of its absolute temperature, conservation of energy
implies:
R3T 4R = constant, (8.16)
where R is the scale factor of the universe. Differentiating the both sides of Eq. (8.16) we find:
3
dR
R
= −4dTR
TR
, (8.17)
and Eq. (8.12) implies an equation:
dΛ
dR
=
3
2
Λ
R
, (8.18)
which has the solution:
Λ = CR3/2, (8.19)
where C is a positive constant. So we observe that the cosmological constant increases surprsingly rapidly as a
function of the scale factor R. Actually, the increase of the cosmological constant is so rapid that it takes us into
a contradiction with our basic assumption, which was that the cosmological constant may be regarded, at least
effectively, as a constant. A careful re-analysis, where the possible increase of the cosmological constant in time is
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taken into account right from the beginning, is therefore needed. [15] Nevertheless, our results are very suggestive, and
it would be very nice, if observational cosmologists managed to find evidence for an increasing cosmological constant.
It may be pretty surprising that as a result of the Hawking-type radiation emitted by the cosmological horizon the
cosmological constant Λ increases in time leading to the shrinking of the cosmological horizon. If the entropy of the
de Sitter spacetime equals to one-quarter of the area of its horizon and the horizon shrinks, then what will happen to
the second law of thermodynamics, which states that the total entropy of an isolated system may never decrease in
time?
The radiation emitted by the cosmological horizon does not violate the second law of thermodynamics any more
than does the Hawking radiation of a black hole. The decrease of the entropy of the horizon as a result of the decrease
in its area is always less or the same as the increase in the entropy of the radiation. As a consequence, the sum of
the entropies of the horizon and the radiation may never decrease in time, and the second law of thermodynamics
remains to be valid.
It should be noted that in our very simple model the universe is not assumed to consist matter at all, but just a
positive cosmological constant. In the real universe, of course, there is matter as well, and the area of the cosmological
horizon is not determined by the cosmological constant alone, but also by the matter fields. During the course of
time matter escapes beyond the cosmological horizon and, as a consequence, the area of the cosmological horizon
increases in time in the same way as does the event horizon area of a black hole, when the hole swallows matter. Such
processes have been investigated, among other things, in a recent paper by Mimoso and Pavo´n, and it was found that
the entropy of the horizon plus that of radiation and matter inside it increases and is concave. [16]
IX. CONCLUDING REMARKS
In this paper we have considered the thermodynamics of the de Sitter spacetime from the point of view of an
observer on a spacelike two-sphere, which is just inside of the cosmological horizon. For the sake of brevity and
simplicity we called the two-sphere on question as the shrinked horizon of the de Sitter spacetime. Our idea was to
consider the cosmological constant Λ as a free thermodynamical variable of the system, and we assumed that when
the cosmological constant varies, the radius of the shrinked horizon will also change, but in such a way that the
proper accceleration a of an observer on the shrinked horizon stays unchanged. We constructed the shrinked horizon
out of discrete constituents, each of them contributing to the shrinked horizon an area, which is an integer times
a constant. In this sense our model was similar to those constructed previously for the Schwarzschild [7] and the
Reissner-Nordstro¨m [8] black holes. Using our model we managed to obtain an explicit, analytic expression for the
partition function of the de Sitter spacetime.
Our partition function implied, among other things, that an observer on the shrinked horizon measures for the
cosmological horizon a certain minimum temperature, which is proportional to the observer’s proper acceleration a,
and may be identified as the observer’s Unruh temperature. When the temperature of the horizon equals, from the
point of view of our observer, with the observer’s Unruh temperature, the entropy of the de Sitter spacetime is, in
the natural units, exactly one-quarter of the area of the cosmological horizon.
The most important result obtained in this paper concerned the properties of the cosmological constant. We found
that if the temperature measured by an observer on the shrinked horizon equals with his Unruh temperature, the
cosmological constant is inversely proportional to the number of the constituents of the shrinked horizon. However,
because the number of the constituents of the shrinked horizon was assumed to be finite -even though very large-
it follows that the cosmological constant must necessarily be non-zero and bounded from below. At the Unruh
temperature the constituents of the shrinked horizon are Planck-size objects, and using the currently accepted estimate
10−35s−2 for the cosmological constant we obtained for the number of the constituents of the shrinked horizon which,
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for all practical purposes, may be identified with the cosmological horizon, an estimate 10122.
Taken as a whole, our model seems to suggest that dark energy is not necessarily needed to explain the acceleration
of the expansion of the universe, but the accelarating expansion of the universe may be a simple consequence of
the fundamentally discrete nature of spacetime, and of the principles of thermodynamics. According to this view
spacetime has certain fundamental constituents -sort of ”atoms of spacetime”- with certain quantum states, and if
one considers the cosmological ”constant” as a free thermodynamical variable, the principles of thermodynamics imply
that Λ is positive and bounded from below. In this sense we may regard the accelerating expansion of the universe
as a quantum effect of gravitation.
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